We consider the problem of controlling a top to the sleeping motion using t w o different actuation schemes. For a fixed-base top two actuators are assumed to provide forces at the center of mass in inertially fixed directions, while for a cart-mounted top two actuators are assumed to apply forces to the cart in inertially fixed directions. The controller for the cart-mounted top is obtained from the controller designed for the fixed-base top using D'Alembert 's principle. Both controllers are proved to be globally asymptotically stabilizing. For the uncontrolled fixedbase top, necessary and sufficient conditions for Lyapunov stability of the sleeping motion are derived.
Introduction
The spinning top is a widely studied problem in classical dynamics. Generally speaking, the spinning top is a special case of the motion of a heavy rigid body rotating under gravity with a fixed point. For a historical review and treatment of the general motion of the spinning top, see [ll] and the references in [20] . In this paper, we focus on Lagrange's top whose center of mass lies on the axis of symmetry [l].
Stability analysis of the sleeping motion of Lagrange's top mounted on a fixed base, that is, Lagrange's top spinning with constant angular velocity and having its symmetric axis remain in the upright direction, is well developed. In [4, 5, 111, Lyapunov's direct method was used, while in [a], the authors applied the Energy-Casimir method, and in [12] , the authors applied the reduced Energy-Momentum method. Another approach to the stability of a sleeping top is to investigate the behavior of the roots of a cubic equation [6, 141. Several attempts have also been made to analyze the stability of the sleeping motion by using linearized equations, see [20] and the references therein.
In this paper we consider the problem of controlling a top to the sleeping motion using two different actuation schemes. First, we consider the case in which the vertex of the top is fixed in inertial space. Two actuators are assumed to provide forces at the center of mass in inertially fixed directions. Because such actuators are difficult to realize in practice, we consider a second problem, that of a top spinning upon a cart which rolls upon the horizontal plane. The actuators for this problem apply forces to the cart in inertially fixed directions. We shall obtain the controller for the cart-mounted top from the controller designed for the fixed-base top by using D'Alembert's principle.
For the fixed-base top, we first investigate the Lyapunov stability of its sleeping motion by utilizing an alternative set of dynamical equations in terms of 2-1-3 Euler angles. Using this set of equations we construct a Lyapunov function and derive necessary and sufficient conditions for Lyapunov stability of the sleeping motion. Related conditions were first obtained by Ge and Wu [5] using a quartic Lyapunov function.
For the control problem involving a fixed-base top, we consider the cases in which there are two force inputs applied to the center of mass of the top. In this case we apply Hamilton-Jacobi-Bellman theory with zero dynamics [18] to obtain control laws that globally asymptotically stabilize the spinning top to the sleeping motion. It is shown that the control laws asymptotically stabilize the spinning top to the sleeping motion globally (that is, up to 90 degrees of tilt angle) even when the top is spinning arbitrarily slowly so that its uncontrolled motion is unstable. Performance functionals that are minimized by the corresponding control laws are also obtained.
Derivation of the Dynamical Equations for a Spinning Top
In classical dynamics, two methods have traditionally been used to describe the dynamics of a fixed-base top. The first is a set of six first-order differential equations involving the angular velocity vector and a unit vector in the negative gravity direction expressed in the body coordinates, namely, (? where x is the cross product operator, J is the inertla matrix taken at the vertex, w = ( w I , w z , w~)~ is the angular velocity of the top in the body coordmates, m is the mass of the top, g is local acceleration of gravity, 1 is the vector from the vertex to the center of mass of the top expressed in the body coordinates and y = (~l , y z , y~)~ is the unit vector in the negative gravity direction expressed in the body coordinates. Equations (1) and (2) However, both methods mentioned above suffer serious drawbacks when there are external forces applied to the top. In the Euler-Poisson equations ( l ) , (2), the state variables do not specify the azimuth of the top axis, hence, the moment induced from external forces in inertial-fixed directions cannot be expressed in terms of those state variables. In the 3-1-3, 3-2-3 and 3-2-1 Euler angle formulations [I, 61 as well as the 3-1-2 Euler angle formulation, the sleeping motion does not correspond to an isolated equilibrium, since the first and the third Euler angles are not distinguishable. These difficulties motivate us to develop an alternative set of dynamical equations for the controlled top.
A remedy for the above problem is to derive dynamical equations for the spinning top usin Euler angles with an alternative sequence of rotations starting P; om the X1 or X2 axis instead of the X3 axis, where (XI, XZ, X3) is the inertial reference frame and X3 is in the negative gravity direction. There are eight possible sequences of rotations starting from the X1 or X2 axis. However, only two of these eight sequences have dynamical equations with the origin as the sleeping motion, namely, 2-1-3 and 1-2-3 Euler angles. For the remaining six sequences, one can rewrite the dynamical equations in a translated coordinate system with the origin as the sleeping motion. Hence, all eight of these sequences of rotations can be used to formulate the controlled top problem when there are external forces applied to the top. In this paper, we use the 2-1-3 Euler angle formulation. Next, a positive rotation of (zl, z2, z3) frame by an angle 0 about the z1 axis results in the T frame (zl, z2, z3 ). Finally, a positive rotation of the 3 frame by an angle 4 about the cs) axis results in the body frame (z1,za,z3), which is attached to the top. Note that the 3 frame precesses but does not spin with the top.
Suppose two control forces u1,uz are applied to the center of mass of the top along the inertial (horizontal) X1,Xz directions, then the equations of motion of the top can be derived using the Routhian method [7] , which can be expressed as [20] i
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where p+ is the generalized momentum corresponding to 4, that U, 0 is the total spin defined by p* = J3(4 -$sin@) = J3n, (6) n 4 -4 sin e,
J1, J 3 are the transverse and axial moment of inertia, and L is the distance between the vertex and the center of mass. The tilt angle 8, the angle between the X3 and 23 axes, is defined by
If the tilt angle 8 is constant for all t 2 t l , then the top is in steady precession. If steady precession occurs then e = cos-1 (COS e COS +). [6] , namely,
Note that equation (12) has an isolated equilibrium at the oriin which corresponds to the sleeping motion of the top. In the following, we consider the domain V defined by * A z) 2 (2 E m412i,23 E (-5, , ) , 2 2 , 2 4 E m}, (14) which corresponds to top motion with tilt angle 8 less than 90 degrees. For (12) Note that this development does not address the case b2 = 2c, which is considered below.
Lyapunov Stability Analysis of the

Slee in Motion
Remark 3.1 It should be noted that the Lyaponov function constructed in (17) is not the only choice for guaranteeing Lyapunov stability of the sleeping motion. For example, Proof. It is easy to verify from the linearization of (12) that if b2 < 2c then the sleeping motion of the top is unstable [20] . To show stability in the case ba 2 2c, we can rewrite the Lyapunov is positive definite for all z E P, even though its Hessian V" (0) is nonnegative definite. Thus it is not surprising that Ge and Wu [5] required a quartic Lyapunov function to supplement the nonnegative-definite quadratic terms in the case b2 = 2c.
Feedback Stabilization with Two Force Actuators
In this section, we consider the case of usin two force actuators to the center of mass of a fixed-base top an! apply HamiltonJacobi-Bellman (HJB) theory with zero dynamics [l6, 17, 18, 201 to synthesize control laws that stabilize the spinning top to the sleeping motion. An alternative control law derived from feedback linearization is reported in [20] . We briefly mention some terminologies to clarify notation and assumptions. Further detail can be found in [lo, 16, 17, 18, 201 and the references therein. For generality, we consider a nonlinear controlled system which is &ne in the control of the form
where 2 E X c IR", and X has the origin as an interior point, U E IR." and g1(z),. ..,gm(z) are column vectors of g(z). We assume f and 91, . . . , gm are sufficiently smooth, and, without loss of generality, we assume the origin is an equilibrium state, namely, In order to apply HJB theory with zero dynamics, we define an artificial output function (24) with and S(z0) is the set of asymptotically stabilizing control laws.
trol law (29) is [17] Ll(2) = 4T(2)Rd(Z) -LfV(Z), 2 E 2,
The performance integrand corresponding to the optimal conwhich is nonnegative for all 2 and U.
We now apply Theorem 4.2 to synthesize a control law for (12). 
where pl,p3 > 0. Furthermore, the matrix L,h(z) is nonsingular for all z E V. Hence, equation (12) and (33) 
Spinning Top on a Moving Cart
We now consider the case of a spinning top on a moving cart. Suppose the spinning top is mounted on a moving cart which has mass M and assume there are two control forces w 1 , w~ applied to the cart along the inertially horizontal X I , XZ directions. We will extend the control laws obtained in Section 4 by exploiting D'Alembert's principle [6] to derive control laws w1, w2 such that wl, W P asymptotically drive the cart-mounted top to the sleeping motion.
be the horizontal coordinates from a fixed inertial reference point to the vertex of the top. Omitting the details of the derivation, we can write the controlled dynamical equations for the spinning top on a moving cart using the Routhian method, which yields 
where &(z) and &(z), defined by (35) and (36), are the globally asymptotically stabilizing control laws that drive the fixed-base top to the sleeping motion, then equations (42) and (43) 
Simulation Results
Consider a top with J1 = t = 1, mg = 3 and with total spin S? satisfying J 3 0 = 2. Assume the top is mounted on a cart with mass M = 0.1 which is held fixed until the control law is applied. Since b = 2 and c = 6, the top is not spinning sufficiently fast so that the Figure 2 shows the corresponding Lyapunov function and Figure 3 shows the holding forces ( t < 2.2 seconds) and the control forces w l , w2 (t 2 2.2 seconds). It is seen that the control laws asymptotically drive the cart-mounted top to the sleeping motion as expected.
holding I orces and apply the feedback control forces to the cart. (Control law is applied at t = 2.2 seconds)
Conclusion
In this paper, we derived dynamical equations for Lagrange's top using 2-1-3 Euler an es. For fixed-base tops, necessary and laws that globally asymptotically stabilize the fixed-base top to the sleeping motion using two force inputs applied to the center of mass of the top were synthesized. Two design strategies, namely, feedback linearization and Hamilton-Jacobi-Bellman theory with zero dynamics were used. It was shown that the fixed-base top can be asymptotically stabilized to the sleeping motion using two force inputs even if the top is spinning arbitrarily slowly. The performance functionals optimized by the control laws were also obtained .
For a spinning top mounted on a horizontally moving cart, which is reminiscent of the classical inverted pendulum, we synthesized stabilizing control forces which are applied to the cart and fixed in inertially horizontal directions. A globally asymptotically stabilizing control law was obtained by using D'Alembert's principle to transform the control law obtained for the fixed-base top.
Finally, it should be noted that variations of the spinning top stabilization problem can be formulated by considering alternative actuators. For example, if the spinning top is controlled by body-fixed torques, then the EulerGPoisson formulation with stereographic projection [15] can be used to synthesize the stabilizing control torques.
